MATHEMATICAL SIMULATION OF AVALANCHE-STREAMER TRANSITION IN
STRONG ELECTRIC FIELDS
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It is well known [l, 2] that streamer-type of gas breakdown occurs under single-elec-
trode initiation of a high-pressure discharge in discharge gaps under overvoltage. A single
electron avalanche with multiplication of the number of electrons passes into the plasma
state and the electric field is squeezed out to the edge of the avalanche. The ends of the
streamer then propagate toward the anode and the cathode. The avalanche-streamer transition
(AST) was simulated mathematically in [3-5] on the basis of the diffusion-drift approxima-
tion (DDA) in the two-dimensional case (axial symmetry was assumed). The results of the
computations were contradictory. In [4], for example, the profiles of the electron and ijon
densities, ng and nj, were monotonic with one maximum and the distribution of the field E
along the streamer axis had two very distict maxima. In [5] Pavlovskii et al. observed
oscillations of ng, nj, and E along the streamer axis, from which they concluded that in-
stability had developed in the streamer. Since the study of AST plays a key role in under-
standing the mechanism of gas breakdown, it is necessary to ascertain what causes the dis-
parity in the results [4, 5] obtained with the framework of the same mathematical model of
AST. As the electric field strength increases, ''runaway' electrons appear [6] and the elec-
tron distribution function (EDF) begins to depend on the electric field strength in a non-
local manner. The use of DDA, therefore, may become incorrect. Below we carry out AST cal-
culations for neon using different models. We investigate the distribution of ng, nj, and
E along the streamer axis, the application of DDA in strong fields, and the evolution of an
electron avalanche with considerable effect from electron runaway.

Mathematical Models of AST. In the AST stage electron annihilation can be ignored and
electrons are created through collision ionization of atoms in the ground state. The dis-
placement of low-mobility ions is insignificant and within the framework of the DDA the sys-
tem of equations describing the streamer has the form

on,/dt — div (wEn, + D grad n,) = S = ap|E|n,; (1)
6ni/6t = S; (2)
Ag = 4ne(n, — ny)y E = —yo, (3)

where p and D are the electron mobility and diffusion coefficient and o is Townsend's ioniza-
tion coefficient of the gas. We consider a long discharge gap, when the effect of the elec-
trodes can be ignored and primary electrons are created in the volume. Then the following
initial and boundary conditions can be put into the system (1)-(3):

n. lt=0 =n; It=o =8 (l‘), Ex llrl—»co = Ey Ilrl-vso = 0- Ez ||r|—vao = — Eo

(the z axis is directed from the cathode to the anode and & is the Dirac delta function).

Since the computing time is limited, use of Eqs. (1)-(3) (model I) does not allow the
streamer evolution to be tracked far enough. Davies and Evans [7] proposed a simpler model
for describing a discharge, using one-dimensional transport equations
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and the field strength at the streamer axis is found by the method of "disks":

? = — By + 2ae | K (2 — 2) (ne(@) — ni (2)) 2, o
— 5
K (2) =z/lz|——z/l/R§+ 2%

In the derivation of Egs. (4) and (5) (model II) it was assumed that the electron and ion
density is distributed uniformly with respect to radius when r < R and is zero when r > R..
When simulating a streamer, it is natural to assume that the effective channel radius R, is
equal to the avalanche diffusion radius Rg = V4Dtg at the time tg of the onset of AST:
agUets = In (ERife) ~ 20, ay = a(E,), v, = pEelt, 21

In model III the electron distribution function f(v,r.t) was found by solving the
kinetic equation

HavZ _ZT —stff}, flimg=5()6(¥)

by the Monte Carlo method. The collisional term st{f} took into account elastic scattering,
which was assumed to be isotropic with respect to angles, excitation, and ionization of neon
atoms. The ensemble of real levels of neon was replaced by an effective level with excita-
tion energy 16.6 eV [8]. The transport cross section for electron scattering was taken from
[8]. The resulting electron density n, =:Jﬂv,|g tf)dv and the collisional ionization rate

S ==Sv0J(v,n t)\dv were averaged over the radius R.. The ion density and electric field
strength were then determined as in model II.

Numerical Simulation Procedure. We solved the electron and ion transport equations by
using an explict monotonic conservative scheme. The diffusion term was approximated from
a symmetric difference scheme with the second order of accuracy and the convective term, with
the first order of accuracy from a running calculation scheme. The solution of the systems
of equations (1)-(3) and (4), (5) was also found by an explicit method, i.e., first the trans
port equation was solved and the resulting electron and ion densities were used to determine
the electric field. Poisson's equation (3) was solved by the alternating-triangular method
{10] and the integral on the right-hand side of (5) was calculated by the method of trape-
zoids. The two-dimensional computations were carried out on a nonuniform grid. The value
of the potential at the boundaries of the grid was determined as in [5], thus allowing the
number of grid points to be reduced. Models II and III were studied on a uniform grid.

Since the explicit method is used virtually in all studies on numerical simulation of
discharge ignition, it is necessary to analyze the limitation on T, the maximum time interval
of the computation. The limitation on 1 when solving the electron transport equation is
well known., For example, for the one-dimensional case

T << h/(Vmax + 2D/h) (6)

(Vmax is the maximum electron drift velocity and h is the grid spacing with respect to the
coordinate). It is precisely condition (6) which is usually employed when choosing the time
interval. As the gas conductivity ¢ = eung increases, however, an additional limitation on
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T results and this limitation may become more stringent than condition (6). We shall show
this on the sample of the system of equations (1)-(3), the consequence of which is the law
of conservation of current,

1B
4a ot

+ oE + eDVn,=1j, divi=0. (7)

The solution of system (1)-(3) by the explicit method is equivalent to ttr: use of the expli-
cit scheme for the solution (7), which imposes the limitation

< 1/dOma (8)

(opax is the maximum conductivity of the gas). The physical meaning of condition (8) is
obvious: the time interval of the computation should be shorter than the minimum Maxwellian
dissipation of the charge in the plasma. We should emphasize that linear analysis does not
give a complete guarantee of stability when nonlinear equations are to be solved and the
stability must be checked further by reducing the time interval. The experience gained from
our calculations shows that nonfulfilment of condition (8) results in the appearance of field
oscillations, which cause oscillations of the electron and ion density. Judging by the data
on 1 and o, computational oscillations were apparently observed in the AST calculations in

{51].

A Monte Carlo method for solving the kinetic eauation was described in [11]. We point
out only that an additional limitation tw, <1 (wp = Vine®n/m is the plasma electron fre-
quency [12]) arises in model III. The number of particles in a sphere of Debye radius Ry =
VT/wp (vt is the random electron velocity) should be fairly high [12]. This substantially
limits the possibility of simulating a streamer by the Monte Carlo method after AST, when
R4 becomes much smaller than the streamer dimensions.

Results and Discussion. In the simulation of AST within the framwork of models I and
II, the values of u and D were assumed to be field-independent and Townsend's ionization co-
efficient was written as a = A4 exp(— VBN/E)N [13] (N is the concentration of gas atoms).

In dimensionless variables agr, awl, n.ny, ni/n,, np = a,Ey/4ne, E/E,, and «.@/E, the behavior of the
streamer is determined by the values of the parameters-a,Rg and BN/E, and depends weakly on
N. A change in N leads only to a shift of the time when AST occurs, tg(N,) — tg(N,) =
In(N;/Ny)/asv,, and causes a slight change in oy Rg. Below we assume that N = 10?9 cm™%. A
typical distribution of the parameters (along the axis of the streamer) ng and E and the ef-

fective streamer radius R ==L/2.gn,@,r)rdrh%(r,z==0) for agvet = 22.3, a,R; = 4.4, and BN/E; =

1.68 are shown in Fig. 1 (the solid line represents model I, the dashed line represents model
II). In contrast to the case at low overvoltages [4], the maximum electric field strength

is attained at the cathode end of the streamer. Despite the variation of the streamer radius
during AST, there is good agreement between models I and II. This justifies the use of the
economical model II for calculations of AST and subsequent streamer evolution, which have
been carried out in a number of studies [14, 15]. Good agreement between the results from
model II and the data from two-dimensional calculations of AST in nitrogen is also obtained
for substantially lower overvoltages [4]. Since AST has been considered in a farily detailed
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manner in {3, 4], we shall only point out here that the characteristic profile of the field
and the electron density persists as the streamer develops further.

For comparison of models II and III the values of u, D, and o were given as an approxi-
mation of the results found by calculating the EDF in a uniform field. In this regard, we
should mention that the Monte Carlo results coincide with data from the finite-difference solu-
tion of the kinetic equation, which were found in {16, 17] using an identical set of cross
sections. The time dependence of the total number Ng of electrons, the maximum and minimum
field strengths Epayx and Epj, at Eo/N = 283:107!7 V-cm?, and R, = 1.56°107% cm is shown in
Fig. 2 (the dashed lines represent model II and the solid lines, model III). At low over-
voltages the total number of electrons in an avalanche is observed to increase, at first
subexponentially and then superexponentially [4]. For high overvoltages the distortion of -
the electric field during AST always leads to a subexponential growth of Ny, this being as-
sociated with saturation of the ionization coefficient of the gas. There is good quantita-
tive as well as qualitative agreement between the DDA and the kinetic model. The profiles
of the electron density and the field strength (lines 1, 2), obtained with the kinetic model
(Fig. 3, E,/N = 283-107!7 V:cm?, t = 8.9:107!° sec, line 3 is the velocity of the directed
motion of electrons), are also in agreement with the data of models I and II. High-energy
electrons, which should in principle affect the mechanism of propagation of the anode-direct-
ed streamer, appear at the anode end of the streamer. Calculations of the streamer evolu-
tion within the framework of the kinetic model, carried out in [18] with allowance for volume
photoionization of the gas, show that photoionization plays a more important role. The con-
cept of the formation of plasma oscillations was invoked in [19-21] to explain the mechanism
of AST and the further development of the streamer. In contrast to the DDA, the kinetic mo-
del did allow the possibility of plasma oscillations building up. The results of calcula-
tions in the range of parameter variation studied, however, did not reveal development of in-
stability and generation of plasma oscillations in the AST stage.

We note that when the Monte Carlo method is used, oscillations in the behavior of the
streamer characteristics arise, especially in the range of high conductivity. Figures 2 and
3 show smooth curves, since the oscillation evidently lies within the limits of the statisti-
cal error of the Monte Carlo method.

An increase in the field leads to a qualitative change in the avalanche evolution at
E,/N > 107* V-cm?. The behavior of the energy U and the velocity w of directed motion
of an individual electron is described by the equations [22]

ow/dt = —eE/m — No,vw; (9)
oU/dt =—ewE— Npv, v =V 2U/m. (10)

Since the transport cross section Oty and the energy loss NR per unit length, starting from

a certain threshold, decrease with increasing energy, at E, > E; the electrons pass into a

runawvay regime, i.e., a regime of continuous acquisition of energy. If we set w:= —vE/|E|

in (10), then from that equation we can find an estimate for the runaway field E,xE, =

Nmaxf(U)e , and this estimate is usually employed {23, 24]. If we start from the complete
U

system of equations (9) and (10), then we obtain the estimate Ey~E,=Nmax2UB (U)o, » which
U

judging by EDF calculations, corresponds more to the determination of the runaway field. For
neon, E,/N = 4.1-107%° V.cm? and E,/N z 1.2-1071% V-cm?.

Because of the random nature of the scattering processes, part of the electrons pass in-
to the runaway regime at E, < E;, as well, but their fraction is small and rapidly decreases
with decreasing E,. In fields close to E,, therefore, no particular qualitative changes in
the AST mechanism are observed. At E, > E,, because of the creation of secondary electrons
the "body" of the EDF the average electron energy, a, and other characteristics of the EDF
virtually do not vary with time but a growing "tail" of high-energy electrons forms in the
EDF [25]. The distribution of the electron density in a single avalanche is not described,
even qualitatively, within the framework of DDA, viz., the avalanche becomes markedly asym-
metric; a precursor appears, consisting of runaway electrons and moving with increasing veloc-
ity [Fig. 4, Eo/N = 1.698-10"'* V. cem?, lines 1-4 for t = 1,43-1071!%, 2.38-1071'1,
3.33:107'! sec, 1—3) electron density, 4) effective avalanche radius]. The beam of
runaway electrons ionizes the gas in a filament of length 2 = eEqt2?/2m and the radius
of the filament is determined by transverse diffusion and is substantially smaller than .

In strong fields primary electrons are usually created at the cathode [24]. 1In this case
the cathode end of the avalanche is virtually not displayed from the cathode. The character-
istic time t,, starting from which the electric field is distorted by the space charge of the
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avalanche, can be evaluated as t, = tg z (20-30)/aov,. At E; = E, and t = t, the character-
istic length of a filament in neon, N% x (2-4):102° cm™? is comparable with, or exceeds, the
interelectrode separation customarily used. Accordingly, even during the development of a
single avalanche in a uniform field the discharge gap is bridged by the ionized filament.
Further development of the discharge should be determined by the propagation of fast ioniza-
tion waves, which equalize the conductivity of the gas in the filament. A more detailed
study of the evolution of electron avalanches and the mechanism of gas breakdown at E, > E,
falls outside the scope of this paper.
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MODEL OF A STREAMER IN A LONG DISCHARGE GAP

V. P. Meleshko and V. A. Shveigert UDC 537.521

Detailed experimental data have been published on the development of a streamer with
characteristic times substantially longer than the avalanche-streamer transition (AST) time.
The results of the different experiments are not completely consistent even at the qualita-
tive level. Rudenko and Smetanin (1] and Davidenko et al. [2], observing that a streamer
formed at the center of a discharge gap and propagated toward the electrodes, determined that
the velocity of both ends of the streamer increases rapidly and continuously. Bayle et al.
[3] found that the streamer velocity became saturated as the channel moved through a long dis-
charge gap. The contradiction is not resolved by the results of other experimental studies.
Kline [4), Reininghaus (5], and Dhali and Williams [6] carried out calculations of a streamer
in the diffusion-drift approximation. However, they studied only the initial stage in the
formation of the streamer channel, which does not indicate the nature of the channel develop-
ment in a long discharge gap at long characteristic times. The development of a long streamer
is described only phenomenologically by existing models [7, 8].

In this study, in the diffusion-drift approximation we numerically simulate the develop-
ment of a streamer in neon under one-electrode initiation of a discharge at the center of the
gap with the gas at atmospheric pressure. The gap was assumed to be unbounded and the effect
of the electrodes was not taken into account. The streamer channel was calculated to grow to
a length of up to 7 cm. Two phases were shown to exist in the development of the streamer: an
acceleration phase, when the velocity of the streamer increases rapidly; and a phase of quasi-
steady development, in which case the streamer velocity changes very slowly.

The two-dimensional calculation of streamer development over a long time requires much
computer time. Accordingly, a one-dimensional model is used to calculate the transport of
charged particles. The initial stage of streamer development has already been calculated in
such a model [4].

The behavior of electrons and ions is described by the equations

on, on E 02ne L nt
Tr T Mgy = Do+ @nepels — freni - o

n; *
i n
= anu.E — pn.n; + —
at ’ Toe'
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